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All manifolds will be connected. Unless specified otherwise, all manifolds and 
maps henceforth are assumed to be complex analytic, and all Lie groups, algebras, 
etc. are complex. We will prove that any compact Kahler manifold bearing a 
holomorphic Cartan geometry contains a rational curve just when the Cartan ge- 
ometry is inherited from a holomorphic Cartan geometry on a lower dimensional 
compact Kahler manifold. First we will define the notion of Cartan geometry and 
the appropriate notion of inheritance. 

1.1. Definition of Cartan geometries. Throughout we use the convention that 
structure groups of principal bundles act on the right. 

Definition 1. If _E — >■ A/ is a principal right G- bundle, denote the G-action as 
rgC = eg, where e G -E and g £ G. 

Definition 2. Let iJ C G be a closed subgroup of a Lie group, with Lie algebras 
f) C g. A G/ff-geometry, or Cartan geometry modelled on G/H, on a manifold M 
is a choice of C°° principal 7?-bundle E — ?> M, and smooth 1-form uj E fl^ [E] ® g 
called the Cartan connection, so that: 

(1) r*cj = Ad,;^ uj for all h(^H. 

(2) We : T^E — >■ g is a linear isomorphism at each point e & E. 

(3) For each A G Q, define a vector field A on E by the equation A-iuj = A. 
The vector fields A for A e f) generate the _ff-action on Eh- 

Example 1. The principal iJ-bundle G — s> G/H is a Cartan geometry (called the 
model Cartan geometry). The Cartan connection is w = g~^ dg, the left invariant 
Maurer-Cartan 1-form on G. 

Sharpe [64| gives an introduction to Cartan geometries. 

Definition 3. A G°° isomorphism of G/if -geometries Eq — )> Mq and Ei — > Mi with 
Cartan connections luq and coi is an iJ-equivariant diffeomorphism F : Eq ^ Ei so 
that F*iOi — wq. 

Definition 4. Suppose that H d H' C G are two closed subgroups, and E — >• M' 
is a G/iJ'-geometry. Let M = E/H. Clearly E ^ M is a principal -ff-bundle. 
Equip E with the Cartan connection of the original G/if'-geometry, and then 
clearly E — > M is a G/7f-geometry. Moreover M — >■ M' is a fiber bundle with 
fiber H' /H. The geometry £■ ^ M is called the G/H-lift oi E ^ M' (or simply 
the lift). Conversely, we will say that a given G/iJ-geometry drops to a certain 
G/iJ'-geometry if it is isomorphic to the lift. 

A Cartan geometry which drops can be completely recovered (up to isomor- 
phism) from anything it drops to: dropping encapsulates the same geometry in a 
lower dimensional reformulation. 
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1.2. Freedom of rational curves. 

Definition 5. A rational curve in a complex manifold M is a nonconstant holomor- 
phic map P^ — > M. A rational curve / : P^ — > M is free if f*TM is spanned by its 
global sections. 

In Section [3 on page 13| we will prove: 

Theorem 1. In a complex manifold M with holomorphic Cartan geometry, every 
rational curve is free. 

Corollary 1. If a complex manifold blows down, then it admits no holomorphic 
Cartan geometry. 

Example 2. Every cubic surface is the projective plane blown up at 6 points. The 
exceptional divisors of those 6 points are not free. Therefore no cubic surface has 
any holomorphic Cartan geometry. 

1.3. Compactness criteria for rational curves. 

Definition 6. Suppose that M is a compact complex manifold and that f : C ^ M 
is a compact complex curve (i.e., a nonconstant holomorphic map from a compact 
connected Riemann surface). It is well known that the following are equivalent: 

(1) There is a Hermitian metric on M and a bound A > so that all deforma- 
tions of / have area at most A in that metric. 

(2) For any Hermitian metric on M there is a bound A > 0, so that all defor- 
mations of / have area at most A in that metric. 

(3) Let X be the moduli space of stable maps; see [31 [551 [SH]- Let [/] G X 
be the point corresponding to /. Then the path component of [/] in X is 
compact; see [34] for proof. 

(4) Let Z be the cycle space of M and [/] £ Z the point corresponding to /. 
Then the path component of [/] in Z is compact; see [5l|43] p. 810. 

A compact complex curve which satisfies any, hence all, of these is tame. A complex 
manifold is (rationally) tame if every (rational) curve in it is tame. 

Definition 7. Recall that d — d + d and 

d" ^ — id-B). 

Remark 1. Every compact Kahler manifold is tame. More generally, if M is a 
compact complex manifold and either 

(1) M is bimeromorphic to a compact Kahler manifold (see Kollar [531 P- 75], 
Campana [I1[T2], Fujiki [571 [Ml JSH] ) or 

(2) M carries a (1,1) form fi > so that dd"^^ < (see Ivashkovich ^43j p. 
810, proposition 1.9]) 

then M is tame. For example, every compact complex surface is tame [43l p. 811]. 

Remark 2. Suppose that M -^ M' is a holomorphic fiber bundle with complete 
rational homogeneous fibers. Suppose that M is a compact Kahler manifold. Then 
M' is a compact Kahler manifold by pushing down a suitable power of the Kahler 
form on M. 

Suppose that Af — >■ M' is a holomorphic fiber bundle with complete rational ho- 
mogeneous fibers. Suppose that M is a compact complex manifold bimeromorphic 
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to a compact Kiihler manifold. Then M' is a compact complex manifold bimero- 
morphic to a compact Kahler manifold; Campana [111 [12] . 

1.4. The main theorem. 

Definition 8. From now on, all Cartan geometries in this paper will be assumed 
holomorphic, i.e., G is a complex Lie group, iJ C G is a closed complex subgroup, 
E — >■ M is a holomorphic principal _ff -bundle on a complex manifold A/, and 
the Cartan connection w is a holomorphic 1-form. Isomorphisms will therefore be 
biholomorphic . 

Theorem 2. Suppose that 

(1) G/ H is a complex homogeneous space, 

(2) M is a connected compact complex manifold, 

(3) M contains a tame rational curve C and 

(4) M hears a holomorphic G/H-geometry. 

Then the geometry drops to a G/H' -geometry on a connected compact complex 
manifold M' , so that 

(1) H' G G is a closed complex subgroup, 

(2) H' / H is a connected complete rational homogeneous variety, 

(3) M — > M' is a holomorphic H / H' -bundle and 

(4) C lies in a fiber of M -J> M' . 

Theorem 3. Suppose that 

(1) G/H is a complex homogeneous space, 

(2) M is a connected compact rationally tame complex manifold and 

(3) M bears a holomorphic G/H-geometry. 

Then the geometry drops to a unique G / H' -geometry on a connected compact com- 
plex manifold M' , so that 

(1) H' a G is a closed complex subgroup, 

(2) H' / H is a connected complete rational homogeneous variety, 

(3) M — > M' is a holomorphic H / H' -bundle, and 

(4) the manifold M' contains no rational curves. 

Any other drop M -> M" for which M" contains no rational curves factors uniquely 
through holomorphic drops M — >■ M' — )■ M" . 

1.4.1. Applications to certain homogeneous .spaces. 

Definition 9. Suppose that G/H is a homogeneous space. Call a complex Lie group 
H' a candidate if 

(1) HCH' CG, 

(2) H' is a closed complex subgroup of G, and 

(3) H' / H is a connected complete rational homogeneous variety. 

Definition 10. If iJ C G is a closed complex subgroup of a complex Lie group, say 
that G/H is rationally primitive if there is no candidate H' for G/H. For example, 
if -ff C G is maximal, then G/H is rationally primitive. Similarly, if G/H is an 
afline variety, then G/H is rationally primitive. 

Corollary 2. Suppose that 

(1) G/H is a rationally primitive homogeneous space and 
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(2) M is a connected compact complex manifold and 

(3) M contains a tame rational curve and 

(4) M bears a G/H-geometry. 

Then M = G/H and the geometry is the model geometry. Moreover H G G is a 
maximal parabolic subgroup and G/H is a complete rational homogeneous variety. 

Proof. By Theorem |3 on the preceding page} the geometry must drop to a G/H'- 
geometry, for H' = G or for a candidate H' strictly containing H. Since there is no 
candidate, the geometry must drop to a G/G-geometry, meaning to a point. The 
drop must be isomorphic to G/G, and therefore its Hft must also be isomorphic to 
the lift of G/G, i.e., to G/H . The bundle mapping G/H — >■ G/G must be a bundle 
of rational homogeneous varieties, so H C G must be a parabolic subgroup. If H is 
not maximal, say H C H' C G, then H' is parabolic, so a candidate subgroup. D 

1.5. Applications to locally homogeneous geometric structures. 

Definition 11. Suppose that G/H is a homogeneous space. Let X = G/H and 
xq = 1 ■ H E X. Suppose that M is a manifold. Pick a point niQ G M. Denote the 
universal covering space by 

n : (m, mo) ^ (A/, mo) 

A (G, X)-structure is a choice of group morphism h : tti (M) — > G and local diffeo- 
morphism 

6: (M,mo) -^ (^,2:0) 

so that 

S o J = k (7) o (5, 
for every 7 S tti (M). Two (G, X)-structures are equivalent if they differ by 

{S,h)^{gS,Ad{g)h) 
for some g E H; see |32| . 

Definition 12. Suppose that X = G/H and X' = G/H' with H C H' . Suppose 
that H' / H is connected. Suppose that M' is a connected manifold with chosen 
point m-o G M' and with a (G, X')-structure (S',h'). Let 



tt': (M',m[,) ^{M',m'o) 



be the universal covering map. Define a manifold M and a map 6 : M ^)- X hy 
puUback 

s 




The group tti (M') acts on M' by deck transformations, and on X by h', and so 
acts on M. Let M = m (M') \M. So H'/H -^ M -^ M' is a fiber bundle, giving a 
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morphisni / : tti (M) — > tti (A/'), and we let h ^ h' o f. Since M — )• M is a covering 
map, there is a factorization of the universal covering map 



(m, mo) -^-^ {M, mo) ^ (M, mo) 



Let S — 5 o (j>. Then {S, h) is a (G, X)-structure on M, which we call the lift of 
{5',h'). A (G, X)-structure drops to a (G, X')-structure if it is isomorphic to the 
lift of that (G,X')-structure. 

Example 3. Every (G, X)-structure is precisely a flat G/if -geometry with a chosen 
point (see the definition of curvature in Section [^ on pageT^ and see [SS] for proof). 
Lifting or dropping (G, X)-structures is precisely lifting or dropping flat Cartan 
geometries. 

For convenience in applications, we state the obvious consequence of our theorem 
in the category of (G,X)-structures. 

Theorem 4. Suppose that 

(1) X = G/H is a complex homogeneous space, 

(2) M is a compact connected manifold, 

(3) M bears a (G, X) -structure and 

(4) in the induced complex structure, M contains a tame rational curve G . 

Then the (G, X)- structure drops to a (G, X') -structure on a compact manifold M' , 
so that 

(1) X' = G/H' where H' d G is a closed connected complex subgroup, 

(2) H' / H is a connected rational homogeneous variety, 

(3) M -^ M' is a holomorphic H' / H -bundle and 

(4) G lies in a fiber of M ^ M' . 

Theorem 5. Suppose that 

(1) G/H is a complex homogeneous space, 

(2) M is a compact connected manifold, 

(3) M bears a {G,X) -structure and 

(4) in the induced complex structure, M is rationally tame. 

Then the {G, X) -structure drops to a unique {G,X')- geometry on a compact man- 
ifold M' , so that 

(1) X' = G/H' where H' d G is a closed connected complex subgroup, 

(2) H' / H is a connected rational homogeneous variety, 

(3) M — > M' is a holomorphic H' / H -bundle, and 

(4) the manifold M' contains no rational curves. 

If M drops, say to M — > M" , and M" contains no rational curves, then M — )■ M" 
factors uniquely through holomorphic drops M — >■ M' — > M" . 

1.6. Applications to Cartan's theory of 2-plane fields on 5-manifolds. 

Example 4. A rank 2 holomorphic subbundle V C TM of the tangent bundle 
of a 5-dimensional complex manifold M is called a nondegenerate plane field if 
near each point of M there are local holomorphic sections X and F of y so that 
X, y, [X, Y], [X, [X, Y]] , [Y, [X, Y]] are linearly independent. 
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Theorem 6. If M is complex manifold and bears a nondegenerate plane field, and 
M contains a rational curve then the plane field is locally isomorphic to Cartan's 
example on G2/ P2- If M is compact and either (1) M has finite fundamental group 
or (2) the rational curve is tame, then M = G2/ P2 with its standard G2-invariant 
rank 2 subbundle V C TM . 

Proof. Cartan [18] associates to every nondegenerate plane field V C TM on any a 
Cartan geometry modelled on G2/ P2, where G2 is the exceptional simple Lie group 
of dimension 14, and P2 is a certain maximal parabolic subgroup. The homogeneous 
space G2/P2 is rationally primitive since P2 is a maximal subgroup. The rest is 
proven in section [4 on page 15| D 

1.7. Applications to surface geometry. 
Theorem 7. Suppose that 

(1) X = G/H a complex homogeneous surface, 

(2) M is a compact complex surface, 

(3) M has a holomorphic G/H-geometry and 

(4) M contains a rational curve. 

Then the geometry is flat and the model X is precisely one of 

(1) P2, 

(2) Pi X pi, 

(3) Pi X C, 

(4) Pi X C^ or 

(5) ¥^ X E, E any elliptic curve. 

If X ~ V'^ then M = P^ and the geometry on M is the model geometry. If M is a 
Hirzehruch surface, not equal to P^, then Af = X = P^ x P"'^ and the geometry on 
M is the model geometry. 

Otherwise X = '¥^ X (G/H'), for a complex codimension 1 closed subgroup H' C 
G with H <Z H' . (Warning: the group G doesn't have to act faithfully on GjH .) 
Moreover, M is a ruled surface, M — >■ G , over some compact Riemann surface G . 
The G/H-geometry on M is a [G , X)- structure, lifted from, a {G,X') -structure on 
G. 

Proof. Compact complex surfaces are tame, so the rational curve is tame. The 
G/iJ-geometry must drop, say to some G/H'-geometry on a compact complex 
curve, or to a point. If to a point, then G/H must be a complete rational ho- 
mogeneous surface, so P^ or P^ x P^, and M = G/H with its standard model 
geometry. 

Otherwise, the complex Riemann surface G/H' is complex homogeneous, so 
precisely one of P^,C,C^, £'. The bundle G/H — >■ G/H' has 1-dimensional ratio- 
nal homogeneous fibers, so is a homogeneous bundle of rational curves. By the 
classification of complex homogeneous surfaces (see Huckleberry and Livorni |40| ) . 
G/H -^ G/H' is a trivial bundle. Geometries on curves are flat, since curva- 
ture is a semibasic 2-form. In our setting, the geometry is holomorphic, so the 
curvature is holomorphic: a semibasic (2,0)-form. Therefore the geometry is a 
(G, X')-structure. D 

This theorem reduces the problem of surface geometries to the cases where the 
surface is minimal, and therefore given (more or less explicitly) in the Enriques- 
Kodaira classification up to biholomorphism. 
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1.8. Applications to conformal geometry. In dimensions at least 3, the model 
of conformal geometry is the smooth quadric hypersurface 

G/H = PO (n + 2, C) /P C P"+^ . 

In the special case n = 2, G/H = P^ x P^, and a holomorphic conformal geometry 
is never a holomorphic Cartan geometry. 

Corollary 3. A compact complex surface containing a rational curve hears a holo- 
morphic P^ X ¥^ -geometry if and only if the surface and conformal geometry are 
constructed from the process given in theorem ]! on the preceding page\ out of a holo- 
morphic projective connection (i.e., 1?^ -geometry) on a compact complex curve. 

Note that this observation easily obtains part of the classification theorem of 
Kobayashi and Ochiai |52) . 

Theorem 8. Suppose that M is a com,plex manifold of dimension at least 3, with 
a holomorphic conformal structure, and M contains a rational curve. Then the 
holomorphic conformal structure is fiat. If M is compact and either (1) has finite 
fundamental group or (2) the rational curve is tame, then M is a smooth quadric 
hypersurface with its standard conformal structure. 

Proof. A holomorphic conformal geometry is equivalent to a holomorphic Car- 
tan geometry; see [17!. The homogeneous model, namely the smooth quadric 
hypersurface, is rationally primitive, since it is a rational homogeneous variety 
PO [n + 2, C) /P where P C PO (n + 2, C) is a maximal parabolic subgroup. There- 
fore if M is compact and there is a tame rational curve, the result follows from the 
main theorem. The rest is proven in section |4 on page 15[ D 

This strengthens the work of Belgun [5] , who proved that complex null geodesies 
cannot be rational except on conformally flat manifolds. 

1.9. Applications to classification of geometric structures on Fano mani- 
folds. 

Definition 13. A complex manifold is called rationally connected if any two points 
of it lie in a rational curve. 

Example 5. Fano manifolds are rationally connected (see |54I p. 766, Theorem 
0.1]). 

Corollary 4. Let M be a rationally connected compact complex manifold bearing 
a holomorphic Cartan geometry, with model G/H . Then up to isomorphism M — 
G/H , with its standard model G/H-geometry. Moreover G/H must be a rational 
homogeneous complete variety (i.e., H must contain a maximal connected solvable 
subgroup of G, and intersect every path component of G). 

Proof. Rationally connected implies bimeromorphic to a compact Kahler mani- 
fold (see Campana [13l p. 547 Theorem 4.5]) and therefore tame. Apply Theo- 
rem [3^^oF^^e|^ D 

Theorem 9. Rigidity: the only holomorphic Cartan geometries on a complete 
rational homogeneous variety G/P are the fiat G' / P' -geometries given by global 
hiholomorphisms G/P — > G' / P' . 

Proof. Complete rational homogeneous varieties are rationally connected. D 
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The isomorphisms between com.plete rational homogeneous varieties G / P and 
G jP' with different groups G and G" are classified; see |2l p. 214], 67 . All such 
isomorphisms are equivariant under transitive holomorphic group actions. 

1.10. Application to MRC fibrations. 

Corollary 5. Suppose that M is a compact rationally tame complex m,anifold hear- 
ing a holomorphic Cartan geometry, modelled on a homogeneous space G/ H . By 
Theorem \3 on page 4\ there is a unique drop M — > M' with rational homogeneous 
fibers so that M' has no rational curves. This drop M — > M' is the maximal ratio- 
nally connected fibration (see j53i p. 222]J; in particular, that fibration is a smooth 
fiber bundle of complete rational homogeneous fibers over a smooth base, and the 
base contains no rational curves. 

1.11. Applications to automorphism groups of geometric structures. 

Definition 14. The Kodaira dimension km of a compact complex manifold M is 
the smallest integer k for which 

dimijO(Af,Kf/) 

is finite for n > (where Km is the canonical bundle of M), but set km = — 1 if 
dimi/o (M, i^®") = for all but finitely many n > 0. 

Theorem 10. Let M be a connected smooth projective variety bearing a holomor- 
phic Cartan geometry which doesn't drop. Suppose that the Cartan geometry has 
model G/H and that H is connected. Let Aut M be the automorphism group of 
the Cartan geometry. Then the identity component Aut M C Aut M is an abelian 
variety, and 

dim Aut M < dim M — km , 
where km is the Kodaira dimension of M . 

Proof. The automorphisms of any smooth projective variety which is not uniruled 
satisfy 

dimBiholAf < dimAf — km, 
where km is the Kodaira dimension of M. The identity component of Bihol M is 
an abelian variety; for proof see [41] p. 6] and [62]. D 

A well known conjecture says that for a projective variety M , if km = ~1, then 
M is uniruled. If M admits a holomorphic Cartan geometry which doesn't drop, 
then using Theorem [3l this conjecture implies that km > 0. 

Theorem [TOl is similar to results of Frances [26] and Bader, Frances and Melnick 

a- 

1.12. Applications to projective connections. The following theorem gener- 
alizes the results of Jahnke and Radloff [U]. They require that the projective 
connection be torsion- free and that the manifold be Kahler; see Gunning [55] . 

Theorem 11. The only connected compact complex manifold bearing a projective 
connection and containing a tame rational curve is P", and the only projective 
connection it bears is the standard flat one. 

Proof. Projective space P" = PGL (n + 1, C) /P is rationally primitive. D 
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1.13. Applications to the geometry of ordinary differential equations. As 

usual, we treat points of P^ as lines through in C^, and we write O (n) for the 
bundle over P^ whose fiber over a point i e P^ is the tensor power (L*)®" if n > 0, 
L®" if n < and C if n = 0. We will denote the total space of the line bundle 
O (n) also as O (n). Thus the global sections of O (n) — > P^ are the homogeneous 
polynomials Sym" (C^) of degree n. Write points of O (n) as pairs {L,q), where 
i e Pi and g e (L*)®". Let 

G = (GL (2, C) /n-th roots of 1) >^ Sym" (C^)* 

act on O (n) by {g,p){L,q) = (gL,qg^^ + plgLJ- Let H be the stabihzer of some 
point of O (n). Clearly O (n) = G/H. Moreover, G acts freely on O (n). The action 
of G preserves the fiber bundle map O (n) — > P^, and preserves the affine structure 
on each fiber. It also acts transitively on the global sections of O (n) — )■ P^, a family 
of curves transverse to the fibers. Moreover it acts on P^ via a surjection to the 
group of linear fractional transformations. 

Every surface with O (n)-geometry inherits a foliation, corresponding to the fiber 
bundle map, and inherits a family of curves which locally are identified with the 
global sections. 

It is weU known (see Lagrange [SI [ST], Pels [Ml US], Dunajski and Tod f^, 
Godlihski and Nurowski ^31 , Doubrov |21j ) that every holomorphic scalar ordinary 
differential equation of order n + 1 > 3 is locally determined by, and locally de- 
termines, an O (n)-geometry invariant under point transformations. Each solution 
of the differential equation is mapped by the developing map to a global section 
of O (n). Not every O (n)-geometry arises — even locally — from a holomorphic 
scalar ordinary differential equation, but we can ignore this issue. 

Theorem 12. Suppose that M is a compact complex surface. Suppose that M 
bear an O (n) -geometry. Then M contains no rational curves. In particular, the 
universal covering space of each local solution of the ordinary differential equation 
develops to a rational curve in the model, but not by an isomorphism. 

Proof. Elementary algebra shows that the O (n) is rationally primitive. But M is 
compact, so it is not isomorphic to the model. Therefore M contains no rational 
curves. D 

1.14. Applications to cominiscule geometries. Theorem |3 on page 4| general- 
izes the Main Theorem of Hwang & Mok [42l p. 55]. Hwang and Mok used the 
language of G-structures. We will provide a dictionary to make the connection 
between their result and ours clearer. 

Definition 15. A complex homogeneous space G/H is called an irreducible compact 
Hermitian symmetric space (ICHSS), also called a cominiscule variety, if it is com- 
pact, with G and H connected, G semisimple and g/() an irreducible iJ-module; 
see Landsberg J5B] . 

If G/H is a cominscule variety, then H d G is a maximal subgroup. In particular, 
cominiscule varieties are rationally primitive. 

Definition 16. A Cartan geometry modelled on a cominiscule variety is called a 
cominiscule geometry or almost Hermitian symmetric geometry [6l [7l [8] or ICHSS 
geometry. Note that the cominiscule variety is treated as a complex homogeneous 
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space G/H, so that G is the biholomorphism group, not the isometry group, of the 
ICHSS. 

Definition 17. The coframe bundle of a complex manifold M of dimension n is 
the holomorphic principal GL (n,C)-bundle associated to the holomorphic tangent 
bundle TM. 

Definition 18. If G C GL(n, C) is a closed complex subgroup, a G-structure is a 
holomorphic section of the fiber bundle FM/G — >■ M, where FM is the coframe 
bundle. 

Definition 19. An S-structure (following the terminology of Hwang and Mok |42j ) 
is a G-structure where G C GL (n, C) is a reductive linear algebraic complex Lie 
group with a faithful irreducible complex representation on C". 

As explained by Cap [TB] (and proven by Tanaka [BS] and Cap and Schichl 
|17j). Cartan's method of equivalence associates to any holomorphic S'-structure a 
holomorphic cominiscule geometry. The construction is local, in terms of differential 
invariants. The S'-structure can be recovered from the cominiscule geometry. Not 
every cominiscule geometry arises in this way; those which do are called normal 
and can be characterized by certain curvature equations (see Cap and Schichl |17j 
for complete details). 

Theorem 13 (Hwang-Mok j42j ) . Suppose that M is a uniruled smooth projective 
variety hearing a holomorphic S-structure. Then M is a cominiscule variety, and 
the holomorphic S-structure is the standard flat one. 

Clearly we can improve this result: 

Theorem 14. Let M he a compact complex manifold containing a tame rational 
curve, and equipped with a holomorphic cominiscule geometry (not necessarily nor- 
mal), say modelled on some cominiscule variety G/ H . Then M — G/ H , and the 
cominiscule geometry on M is the flat G-invariant model geometry. 

Proof. Cominiscule varieties are rationally primitive. D 

Corollary 6. Suppose that M is a compact complex manifold containing a tame 
rational curve and dime M > 2. 

(1) If TM — U (i)V , where U and V are holomorphic vector bundles of ranks 
p and q respectively, and p,q > 2, then M = Gr {p,p -\- q) is a complex 
Grassmannian. 

(2) IfTM — A^ ([/), where U is a holomorphic vector bundle, then, for some 
integer p, M is the Grassmannian of p-dimensional linear subspaces in a 
smooth complex quadric hypersurface of dimension 2p. 

(3) // TM — Sym (U), where U is a holomorphic vector bundle, then M is 
the Grassmannian of complex Lagrangian subspaces of a complex linear 
symplectic form. 

Proof. Each hypothesis is equivalent to one form or another of 5-structure. D 

The analoguous result for uniruled projective manifolds is due to Hwang and 
Mok |42]. 
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1.15. Applications to parabolic geometries. Drops are partial ordered by defin- 
ing M > M' if M -^ M' is a drop. It is natural to ask if there is a unique least 
element in this ordering. 

Corollary 7. Suppose that M is a compact rationally tame com,plex manifold. The 
set of drops M — > A'l'^ with rationally connected fibers has a least element. 

Proof. Suppose that M has two drops, say M — >■ M[ and M — > M2. If the fibers 
of M -^ M[ are not contained in the fibers of M -^ M2, then the rational curves 
in the fibers of M — ;■ M[ will project to rational curves in M2. Therefore there 
must be a further drop of Mj. Replace Afj by this drop and apply induction on 
dimension. D 

1.16. Applications to parabolic twistor theory. 

Definition 20. A twistor correspondence |l6j between holomorphic Cartan geome- 
tries Eq — )► Mo and Ei — > A/i with models G/Hg and G/Hi is a biholomorphism 
F : Eo ^ El, equivariant for H — Hq Ci Hi, so that F*u!i = ujq. Such a map F 
identifies the lifts Eq/H and Ei/H. 

If G is a semisimple Lie group, then G has a unique maximal connected solvable 
subgroup up to conjugacy; these are called Borel subgroups. In this section we will 
fix a Borel subgroup of G and consider the parabolic subgroups of G that contain 
that same Borel subgroup. Parabolic geometries will be modelled on G/P where 
P must contain that fixed Borel subgroup. 

Theorem 15. Two holomorphic parabolic geometries on compact complex mani- 
folds, one of which is rationally tame, admit a twistor correspondence just when 
they have an isomorphic drop. 

Proof. We can assume that F in Definition [SD] is the identity map, so we face 
holomorphic parabolic geometries E -^ Mq and E -^ Mi, modelled on G/Pq and 
G/Pi, say, on the same total space and with the same Cartan connection. Let 
B C Pi n P2 be the Borel subgroup of G. Then E/B -)■ Mq and E/B -^ Mi 
are holomorphic fiber bundles with rationally connected fibers, and so the G / B- 
geometry on E/B must drop to a geometry, say E / H' , so that the fibers of E/H' 
contain the fibers of both E/B — >■ Mq and oi E ^ Mi, i.e., H' contains Pq and 
Pi. D 

The local results analoguous to Corollary [7] and Theorem [TSl are clear from Cap 
|16) , p. 15, unnumbered theorem. 

2. Curvature 

Definition 21. Let lo be the Cartan connection of a Cartan geometry E — )■ M 
modelled on a homogeneous space G/H . Consider the g-valued 2-form 

(1) dhj + -[uj,uj] 

on E. Since a; is an isomorphism of TE with the trivial vector bundle on E with 
fiber g, the 2-form in ([T]) produces a function on E with values in g (g) /\ g. This 
function descends to a function 7^ on £' with values in g A^ (o/fl)* called the 
curvature of the Cartan connection. A Cartan geometry is called flat ii K — Q. 
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The Lie algebra g is equipped with the adjoint action of H. Let E x^ g he the 
vector bundle over M associated to the principal iJ-bundle Eh for the iJ-module g. 
Note that the curvature K is a holomorphic section oi [E x^ g) ^fl"^ (M). Consider 
the principal G-bundle Eh x^ G over M obtained by extending the structure group 
of the principal -ff-bundle Eh using the inclusion of H in G. The form a; defines a 
holomorphic connection on Eh x^ G [63^ . The section K is the curvature of this 
connection. 

This section K oi (E x" q) (g) ft'^ (M) will also be denoted by Vw. 

The model is fiat. The Frobenius theorem tells us that a Cartan geometry is 
locally isomorphic to its model just when it is fiat. 

Since the curvature 2-form is a holomorphic 2-form (valued in a holomorphic 
vector bundle), and there are no nonzero holomorphic 2-forms on a curve, every 
Cartan geometry on a curve is flat. 

Suppose that G/ H is a homogeneous space and E — >■ M is a Cartan geometry 
with Cartan connection ui. For each point e ^ E, the set f)e of vectors A G g for 
which A{e) -i Vw = is a Lie algebra, called the apparent structure algebra, and 
() C f)e is a subalgebra. It follows then that if the Cartan geometry drops to a 
Cartan geometry modelled on, say, G/H', then t}' C f)e- Conversely [HI p. 15], 
if f)' C g is a Lie subalgebra and if f)' C i)e for every point e £ E, then every 
point m e M lies in a neighborhood in which there is a local isomorphism to a 
G/iJ-geometry which drops to a G/iJ'-geometry. So the local dropping problem is 
easily analyzed in terms of the apparent structure algebra. These observations will 
play no role in this paper, but have played a significant role in the literature [15j . 

3. Development of curves 

Lemma 1 (Sharpe [63j . p. 188, Theorem 3.15). The Cartan connection of any 
Cartan geometry tt : E ^>- M determines isomorphisms 



0- 



-^ ker tt' (e) ^ TeE ^ T^M ^ 



0- 



fl/f)' 



^f) ^Q 

for any points m ^ M and e G -Em/ thus TM is identified with the vector bundle 
E x^ (g/t)) associated to Eh for the H -module g/t). 

Definition 22. Suppose that Eq — > A/q and Ei -^ Mi are two G/i/-geometrics, with 
Cartan connections wq and wi respectively, and X is a manifold or a smooth variety. 
A smooth map /i : X — )■ Mi is a development of a smooth map /o : X — > Mq if 
there exists an isomorphism F : f^Eo ^ fiEi of principal iJ-bundles identifying 
the puUback of uq with that of ui. 




Mo^ 



Development is an equivalence relation. For example, a development of an open 
subset is precisely a local isomorphism. 
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The graph of F in Definition [22] is an integral manifold of the Pfaffian system 
luq = LUi on /qEq X El, and so F is the solution of a system of (determined or 
overdetermined) differential equations, and conversely solutions to those equations 
produce developments. 



Remark 3. By Lemma 1 on the previous page the developing map /i has differen- 



tial /{ of the same rank as /g at each point of X, and moreover JqTMq = f^TMi 
as vector bundles on X. In particular, any development of an immersion is an 
immersion. 

Proposition 1 ([60| , l63 j ). Suppose that E ^ M is a holomorphic G / H-geometry, 
and fo : C ~^ M is a holomorphic map of a simply connected Riemann surface. 
Suppose that cq G E lies above a point of the image of /o . Then there is a unique 
development /i : C — t- G/H so that the associated isomorphism F : f^E -^ f^G 
(which is also unique) satisfies F (eo) = 1 G G (here f^G is the pullback of the 
principal H-bundle G -^ G/H). 

Definition 23. We will say that eg is the frame of the development /i. 

Remark 4. Every holomorphic vector bundle on P^ is a direct sum of holomorphic 
line bundles, each of which has the form O (d), for some degree d [35]. These degrees 
are uniquely determined up to permutation. A vector bundle over P^ is spanned by 
its global sections just when none of the degrees are negative. Recall TP^ — O {2). 

We now prove Theorem [1 on page 3[ 

Proof. The development of any rational curve to the model is free because the 
tangent bundle of G/H is a quotient of the trivial vector bundle over G/P with 
fiber g; the quotient map is given by the left translation action of G on G/H. By 
Remark [3l the original rational curve in AI has the same ambient tangent bundle, 
and so is also free. D 

Lemma 2. Suppose that E -^ M is a G / H-geometry, and f :V^ ^ M is a rational 
curve. Then the holomorphic vector bundle f* E x^ g —¥ P^ is trivial. 

Proof. Clearly it suffices to prove the result for any development /i : P^ — s- G/H. 
The vector bundle Gx^ g over G/H associated to the principal _ff-bundle G — > G/H 
for the iJ-module g is identified with the trivial vector bundle over G/H with fiber 
g; this isomorphism is obtained from the isomorphism G x g ^ G x g defined by 

{g,v)^{g,Ad{g-^){v)). D 

Lemma 3. Suppose that E — > M is a G/ H-geometry. Then every rational curve 
in M is a smooth point of the space of all of its deformations. 

Proof. Since the rational curves are free, we can apply the Horikawa deformation 
theorem l38l[39l. D 



The following lemma is essentially theorem 2 of 42, p. 55]. 

Lemma 4. Suppose that E ^ M is a G/ H-geometry, and f :V^ -^ M is a rational 
curve. Fix a decomposition f*TM = 0^>g O {df" . Let T+ = 0^>o O {df" C 
f*TM be the sum of all positive degree line subbundles of f*TM . Then Tf C 
f*TM is a holomorphic vector bundle, containing /^TP^ (and so of rank at least 
one), and if v E Tf then v-'f*'S/uj ~ Q, where Vw as before denotes the curvature. 
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Proof. By Theorem |1 on page 3[ / is free. By Remark |4 on the preceding page[ 
f*TM is a sum of nonnegative degree hne bundles and T"*" is a vector subbun- 
dle. Since / is not constant, /' : TP^ = O (2) — )• f*TM is not a zero mapping, 
so f*TM must contain a hne bundle of degree at least 2. Since the quotient 
{f*TM)/Tf is a trivial vector bundle, there is no nonzero homomoprhism from 
O (2) to {f*TM)/T+. Consequently, /,TPi is contained in T+. 

By Lemma |2 on the facing pagej /*Va; is a section of 0®dimG ^ f*T*M (g) 
f*T*M, a direct sum of line bundles of nonpositive degree. We note that O®'^'™ '^ (g) 
[Tt] ® f*T*M is a direct sum of line bundles of negative degree, so does not 
admit any nonzero section. In particular, the projection 

ijO(P\0®'^™^®/*T*Af ®/*r*M) ^i/0(P\O®'i™<=(g) (t+X ®f*T*M) 

is the zero homomorphism. D 

4. The local consequences of rational curves 

Theorem 16. Suppose that E -^ M is a G/H -geometry, and M contains a rational 
curve. Then there is a Lie algebra f)' containing [}, dimf)' > dimf}, and a covering 
of M by open sets C/q so that the restriction of the G/ H-geometry to Ua is locally 
isomorphic to the lift of a holomorphic Cartan geometry modelled on (G, f)'). Take a 
complex Lie subgroup H' d G containing H with Lie algebra [}'. The manifold M is 
foliated by complex submanifolds of positive dimension on which the G/H -geometry 
restricts to a flat Cartan geometry modelled on {H' , f)). 

Remark 5. For the definition of a a holomorphic Cartan geometry modelled on a 
pair (G, [)'), sec Sharpe [63] . 

Proof. Inductively define covariant derivatives 

p 

of the curvature by W'^K — K and 

dVPR = VP+^Kiu. 

Write the map i? ^^ M as tt : i? — > M. Pick a point m G M and a point e E E 
so that 7r(e) — m. If vi € T^M is a vector on which wi -i<I; = 0, we can take any 
vectors vi,w € T^M . Take any vectors Ai, A2, i? G g for which 

Ti'{e)Aj ^Vj, 

and 

TT {e)B = w. 
Consider the expression 

V^K{Ai,A2)B. 
Clearly if B G f), then this vanishes, because 



V'K{AuA2)B= ^ 



r^,sK{Ai,A2) 
t=o 



= 0. 

Therefore we can let 

V^oj (fi, W2) w 
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be the associated section of 

{E Xh b) <E> A^ {T*M) (g> T*M. 
Inductively, if V^w has nuU vector vi , we can define 



a section of 
where 



ExhWj,, 



Wp = 0®A2(0/(,)*0(g)(0/())*. 
Take vi tangent to a rational curve in M; 

= \JPUJ {vi,V2) {wi,W2, ■ ■ ■ ,Wp) 

for all vectors V2, Wi, . . . , ifp, for all p, precisely as in lemma [4 on page 14[ since the 
ambient tangent bundle of any rational curve is spanned by its global sections, and 
the tangent bundle of the projective line is spanned by global sections, all of which 
vanish somewhere. 

Consequently, if v4 e g projects to some nonzero vector v G T^M tangent to a 
rational curve, then A-iK vanishes with its derivatives of all orders at every point 
of the fiber Em- Therefore A-iK vanishes everywhere. The result follows from Cap 
[16) . p. 15, unnumbered theorem. D 

Corollary 8. Suppose that G/H is a complex-homogeneous space, and that f) C g 
has maximal dimension among complex Lie subalgebras. Suppose that E ^ M is a 
G/H-geometry, and M contains a rational curve. Then the G/H-geometry is flat 
and locally isomorphic to the model. 

Theorem 17. Suppose that M is complex manifold with a holomorphic parabolic 
geometry modelled on a complete rational homogeneous variety G/P where P C G 
is a maximal parabolic subgroup. Suppose that M contains a rational curve. Then 
the parabolic geometry is locally isomorphic to the model. If M is compact and 
either (1) has finite fundamental group or (2) has a tame rational curve, then M 
is isomorphic to the model. 

Proof. If a finite fundamental group, then a finite unramified covering space devel- 
ops to the model G/P. But G/P is simply connected. D 

Our results on conformal geometry are now clear, modulo the proof of the main 
theorem. 

5. Rational trees and families of rational trees 

Definition 24. A tree of projective lines is a connected and simply connected re- 
duced complex projective curve with only nodal singularities whose irreducible com- 
ponents are projective lines. 

A rational tree in a complex space Af is a nonconstant morphism f : T ^ M 
from a tree of projective lines. 
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Definition 25 (Bien, Borel, Kollar [lOj). A family of rational trees through a point 
ruQ e M in a complex manifold M is a proper flat morphism X ^ Y of complex 
spaces such that every fiber of X ^)- Y is a. tree of projective lines, a regular section 
s : Y ^)- X and a morphism / : X — >■ M, so that f{s{y)) = tuq for all y ^ Y. A 
family of rational trees is tame if all of its rational trees are tame. If Y is connected, 
then the family is tame if and only if any one of the trees in the family is tame. 

Definition 26. Suppose that M is a complex manifold. Pick a family of tame 
rational trees 



Y 

through a point m G M . If the Zariski closure of the image of / is of maximal 
dimension in M among all families of tame rational trees through m, we will say 
that / is a maximal dimensional family. 

Definition 27. Suppose that M is a complex manifold. Pick a maximal dimensional 
family of tame rational trees 

X^-^M 



Y 

through a point toq G M . Suppose R {mo) is a maximal dimensional component of 
the Zariski closure of the image of /. Then we will call R {mo) a blade. 

Lemma 5. Suppose that M is a complex manifold in which every rational curve 
is free. Then there is a unique blade through each point of M . The blade through a 
point contains all tame rational trees through that point. 

Proof. Suppose that there is another component, of another family, not necessarily 
maximal dimensional, passing through the same point of M. Pick the generic tree 
from one family, and the generic tree from the other, and graft them at mp. Consider 
the space of deformations of the grafted tree with a marked point. Take as a blade 
the image of this new family (i.e., X is the family, Y the family forgetting the 
marked point, / taking the image of the marked point). This blade is irreducible, 
by definition, and contains strictly the images of the two previous families, so must 
be of higher dimension. So the original family was not of maximal dimension, a 
contradiction. 

To be more explicit, we need to explain how to graft two families. Suppose that 

Xi — ^ M X2 — ^ M 

Pi P2 

w 

Yi Y2 

are two families of curves rooted at the same point toq G M, say with sections 
si : Yi ^ Xi and 52:^2^^ X2. Let Y = Yi x Y2. Let X C Xi x X2 be the set 
of points (xi,X2) G Xi x X2 such that either xi — si {yi) or X2 — S2 (2/2), where 
2/1 = Pi (xi) and 2/2 = P2 (2^2)- Clearly X ^ Y is a proper family. 
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We can see that X is a union of two components, Xi and X2 (perhaps themselves 
not irreducible). Moreover we can identify Xi n X2 = Y. Away from the "grafting 
points" 

X = (a;i,a;2) = (si (y) , S2 (y)) 

for any y G y, and X is local isomorphic to Xi or to X2. At the grafting points, 
we have an exact sequence 

^ O^.x -> 0^,.x, ffi 0^,.x, -^ Oy.Y -^ 0, 

with the middle and final entries being flat over Oy^y Therefore the first entry is 
flat over Oy^y', see [371, p. 254, Proposition 9.1A]. So AT -> F is flat. 
Map X ^ M by 

p . s /./i (xi) if X2 = S2 (P2 (a;2)) , 

[h {X2) II 2:1 = Si [Pi [Xi)) . 

Clearly _F is a morphism of complex spaces. D 

Deformations of a rational tree consist in deformations of the root component 
which pass through the root ttiq, and then any deformation of the adjacent compo- 
nents which pass through that first component, etc. We can describe the tangent 
space explicitly then as consisting in a section of the normal bundle along each 
component, and a choice of vector in the ambient tangent space at each marked 
or nodal point, so that the vectors at nodes agree (modulo the tangent directions) 
with the sections of the normal bundle of the components through that node. In 
particular, the deformations of any given free rational tree, with fixed topology, 
form a smooth manifold near that rational tree. 

6. Development of families of rational trees in a Cartan geometry 

Lemma 6 ([60]). Suppose that G/H is a complex homogeneous space. Suppose 
that Jq : T ^f M is a rational tree in a complex manifold M with holomorphic 
G/H-geometry E -^ M . If we fix a choice of point po G T and a point cq G Ef^^(^.p^^), 
which we call the frame of the development, then then there is a unique development 
/i : T — > G/H with associated isomorphism F : f^E ^ f^G such that F (cq) = 1. 

Corollary 9. Suppose that M is a complex manifold. Suppose that 

X^^M 



Y 

is a family of rational curves passing through a point niQ G M . Suppose that M has 
a Cartan geometry. Then f : X -^ M satisfies f*Vuj — 0. 

Proof. Pick a fiber Xy and write it as C = Xy . The tangent sheaf of C is spanned 
by global sections near a generic point of C These global sections map by /* 
to global sections of the tangent sheaf of a rational curve in M, and therefore by 
Lemma |4 on page 14[ /*Va; vanishes on these sections. Consequently, f*Vu! is 
defined on the cokernel of TC -^ TX\^, i.e., the normal sheaf. The infinitesimal 
deformations of C fixing the point mo must all vanish at mg, so must belong to 
T+. D 
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Definition 28. Suppose that M is a complex manifold bearing a holomorphic Cartan 
geometry E ^ M modelled on a complex homogeneous space G/H . Suppose that 



Y 

is a family of rational trees passing through a point 7710 G M . Pick any element 
eo e Ema , and develop each fiber of the family to a rational tree in G/H, using 
the same cq as frame for all of the rational trees, giving a family of rational trees 
through the i:f-coset in G/H: 

X^^G/H 



Y 

Call this family a development of the original family. The associated isomorphisms 
of principal iJ-bundles Fy : JqE]^ -> f*G\x vary holomorphically with y, by 
the existence and uniqueness theorem for ordinary differential equations, so form a 
single principal i?-bundle isomorphism F : f^E —> f^G. 

Lemma 7. Let M be a complex manifold. Suppose that 

X^-^M 



Y 

is a family of rational trees passing through a point toq G M . Suppose that M has 
a Cartan geometry. Then /*Vu; = 0, where Vw is the curvature. 

Proof. Every infinitesimal deformation of a rational tree consists precisely of a 
choice of section s of the normal bundle of each component P^ , and choice of tangent 
vector V at each marked point p where components are connected, so that s{p) = v 
mod TpF^. So at smooth points of the space Y, we can use this description of the 
normal sheaf of a tree. 

Each rational tree in our family has a "root component" mapped through mo. 
On the root component of a rational tree through mo, f*Vuj — 0, by Corol- 
lary |9^^^Th£^reccding^agej 

Pick out just one component of a rational tree. Then f*VuJ = on the tangent 
vectors of that component because it is a rational curve. Therefore we need only 
evaluate f*Vuj = on the normal vectors of each component. 

Pick an element v of the normal bundle of a component of a rational tree. On 
any component, if v is not null for f*Vuj, then v must belong to a nonpositive 
degree line bundle in the normal bundle. The normal bundle, being a quotient of 
the ambient tangent bundle, is a sum of nonnegative degree line bundles. Therefore 
V must belong to a zero degree line bundle inside the normal bundle. Moreover, the 
curvature must not vanish at any point of that section, since the curvature splits 
into nonpositive degree summands, and the nonzero contributions must come from 
zero degree summands. 
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Suppose that we have aheady estabhshed that /* -i Vw = on all sections of 
the normal bundle of one component C'o of our tree. Consider a component Ci 
which is adjacent to Cq. Take a normal vector vi to C'l. Take a section si of the 
normal sheaf along Ci extending the normal vector vi . At the nodal point p where 
Co meets Ci, there is some tangent vector w representing an infinitesimal motion 
of the tree given by the section si. By freeness of rational curves, there must be 
a section so of the normal bundle of Co which gives a corresponding infinitesimal 
motion of Co so that the tree can infinitcsimally move by these sections and remain 
connected, i.e., a section with velocity w at the node. By induction so-i/*Va; = 0. 
Therefore w-'f*\7io — 0. But si{p) = w, since w represents the same tangent vector 
on both components, so si(p)-i/*Va; = 0, The curvature vanishes at some point of 
si, and therefore at all points: i;i_i/*Vcj = 0. Apply induction to components. D 

Definition 29. Following [TU] we denote the iJ-cosct of the identity in G/H (the 
"origin" of G/H) as oh- 

Lemma 8. Suppose that G/H is a complex homogeneous space. Suppose that M is 
a complex manifold with a G/H -geometry. Pick a point toq G M . Take any family 
of rational trees passing through toq 



Y. 

Then the development of this family of rational trees to a family of rational trees 
in G/H is a development as a map, i.e., the map /i : X — > G/H is a development 
of the map /o : X —^ M . 

Remark 6. The idea of the proof is simple; we will try to state it very roughly first. 
As we move a rational tree around in a family, the total space of the family feels no 
curvature, by our earlier results. So we can pretend there is no curvature, and by 
the Frobenius theorem only worry about whether we can get from place to place 
on submanifolds along which lu = g^^ dg. We have such submanifolds: develop the 
various curves through mo in our family. We will now make these ideas precise. 

Proof. We only need to check that the equation g~^ dg = lo is satisfied on the 
graph of the isomorphism F associated to the development. It suffices to check this 
over an open subset of Y . We can assume that Y consists of a single irreducible 
component. We can then, if needed, expand Y to consist in a single irreducible 
component of the space of deformations of a rational tree given by a generic fiber of 
X -^Y , since any family will map to the deformation space, and the development 
will extend. But we can again replace Y by any open set in Y . Therefore we can 
assume that Y is smooth and that X — >■ y is a holomorphic submersion away from 
the nodal points of each tree. We can assume that the section s : Y ^ X oi our 
family maps every point y £ Y to a smooth point of the rational tree Xy. 

Consider on f^ E x G the Pfaffian system to = g~^ dg; see [TT] for the theory of 
Pfaffian systems. The orbits of the diagonal right if-action are Cauchy character- 
istics |Tl], so the Pfaffian system is pulled back from a unique Pfaffian system on 
Z = f*E Xff G dH p. 9]. Let TT : f^E x G ^ Z be the quotient by 7f-action. 
The torsion of the Pfaffian system is precisely /q Vw, which vanishes by Lemma [T] 
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By the Frobenius theorem, the smooth part of eaeh component of Z is fohated by 
maximal connected integral manifolds. The maximal connected integral manifolds 
are permuted by left G-action, because the Pfaffian system is left invariant. 

Clearly X — > F is a union of irreducible components, say X* — > F, so that each 
X* — > y is a family of deformations of a single component of a rational tree. Each 
X* has fibers consisting of rational curves Xy. So X* — >■ y is a family of rational 
curves, and we can assume that X"^ ^r Y \& b. holomorphic fibration. Moreover, 
if two components, say X^ — > Y and X^ — > Y , represent components of a tree 
meeting at a node, then there is a point where they meet, say p^ : y — > X'^ and 
p-'^ : y — )• X^ so that p'^(y) = v^h)) fo'" every y € y. Replacing Y by an open subset 
of y, we can assume that p*^ : y — > X^ and p^ : y — > X^ are smooth morphisms. 

We want to work on Z = fi^E Xh fiG, a principal i/-bundle over X. Split it 
into Z^ = Z\-^i. Each Z'' is smooth. Since /*Vu; = on Z, /*Vw = on each Z\ 
Foliate Z"^ by maximal connected integral manifolds of the Pfaffian system (by the 
Frobenius theorem). We can write each point z £ Z^ as z — {y,x,e, g) H where 
y GY and x € Xy, e € Ef^^(^x) and g € G and fi{x) — gon- 

We have an obvious map $ : X — > Z given 

^x)^{y,x,e,F{e))H. 

if a; G Xy, i.e., essentially $ is just F. By definition of a development, over each 
Xy this map <I>j, : Xy ^^ Z is an integral curve of the Pfaffian system on Z. In 
particular, the image of each Xy under $ lies in a unique maximal connected integral 
manifold of the Pfaffian system on Z*. We will prove that $ is itself an integral 
variety of the Pfaffian system on Z. 

There is a distinguished "root" component of each rational tree in our family: 
the component of Xy containing the point s{y). Let's call this component Xy. In 
particular, if we replace y by a smaller open subset of y, then this specifies a 
component X" of X and a component Z" of Z. 

All of the points x = s{y) get mapped to f{x) ~ mo- They arc the "roots" of 
the various trees. Consider the map cr : y — > Z given by 

<^(.y) = {y,s{y),eo,l)H 

for every point y G Y. Clearly a is an integral manifold of the Pfaffian system on 
Z*'. Since Y is connected, the image of a must lie in a maximal connected integral 
manifold A° C Z^. 

Each integral curve ^lyo : X° — > Z*^ strikes the graph of a at the unique point 

y ^ 

*^(^(y)) — '^{y)j a^d so intersects A'^. Being an integral curve of the Pfaffian system, 
this integral curve must lie inside A'^. So <I> restricted to each curve Xy has graph 
inside A°. But then the graph of $ restricted to the component A'^ lies inside A'^, 
and so $|^o : A° ^- Z is an integral manifold of the Pfaffian system. 

Consider two components, say A° and X^, meeting along a node, say at p^{y) G 
X'^ andp^(y) G A^, sop^{y) = p^(y) G A. Consider the morphism ^p : Y ^ Z'^nZ^ 
given by 2/ I— >■ <& (po (y)) for an arbitrary point e G Ep^^yy By definition, the image 
of ip lies in the image of ^\xo and so lies in A'^. Therefore ip is an integral manifold 
of the Pfaffian system on Z^ and so is an integral manifold of the (same) Pfaffian 
system on Z^ . Therefore the image of i/i lies inside a maximal connected integral 
manifold, say A^ C Z^, of the Pfaffian system on Z^. For each y G Y, the curve 
^Ixi- ■ Xy ^^ Z^ is an integral curve of the Pfaffian system. But this curve 
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intersects the image of ip at the point ip{y) = $ (p^ (?/))• Therefore the image of 
^\xi ■ X}, —> Z^ hes inside A^. Note that this holds true for every point y <eY. 

By induction, using the same argument on the next component X^ of X , there 
is some integral manifold A* C Z'^ containing the image of $|;^i : AT* — > Z\ 

The graph of F : f^E -^ f^G consists precisely in the points (y, a;, e, g) so that 
X G Xy and e £ -^/o(a;) a-nd 5 G Gf-^(^x)- In other words, the graph of -F is the 
preimage in /qE x f^G of the image of $ in Z. Therefore since $ an integral 
manifold of the Pfaffian system on Z, the graph of F is an integral manifold of 
the Pfaffian system upstairs. So the graph of F on E\^o is an integral manifold of 
Lu — g~^ dg meaning, F*g~^ dg = w, i.e., _F is a development of maps. D 

7. Deformation of stable rational trees and compactness 

Definition 30. A rational tree with marked points is stable if it is nonconstant on 
every edge of valence at most two with no marked or nodal points, and on every 
leaf with at most one marked or nodal point j21 [SSI lil] • 

Definition 31. If / : T — >■ Af is a rational tree in a complex manifold M , with some 
number of marked points, the stabilization of T is the tree obtained by identifying 
to a point any component of T on which / is constant and which has too few marked 
or nodal points to be stable. 

Remark 7. Suppose that M is a compact complex manifold M all of whose rational 
curves are free. All strata of the compactified moduli space of stable rational trees 
passing through a point, with any number of marked points, have the "expected" 
dimensions. The space of stable tame rational trees is an analytic orbispace, as 
proven by Siebert [55] 1747. (The proof asks for M to be Kahler, but only uses 
tameness.) The connected components are compact; see [651 Theorem 0.1]. Each 
stratum of each connected component is a deformation space of stable tame rational 
trees with fixed topology, so a smooth manifold. 

An analytic orbispace is locally the quotient of a complex space by a finite group. 
The quotient of a complex space by a finite group is a complex space [IHl p. 198]. 
Therefore there is a quotient complex space of any analytic orbivariety, through 
which the regular maps to complex spaces factor. For the space of stable tame 
rational trees, this quotient space is a coarse moduli space for stable tame rational 
trees [Ml P- 1754]. In particular, the evaluation maps at marked points (evaluating 
each stable map at each marked point) factor through to maps to the coarse moduli 
space. By the Remmert proper mapping theorem |201 p. 150], the image of any 
evaluation map has Zariski closed image in M . 

Remark 8. The concept of family of rational trees through a point admits the ob- 
vious orbigeneralization j66j p. 1748, Definition 1.1]. The orbispace of stable tame 
rational trees of a compact complex manifold represents the functor of orbifamilies 
of stable rational trees modulo isomorphism |66l p. 1748, Proposition 1.2]. In par- 
ticular, consider the family of all deformations of a stable tame rational tree with 
fixed topology. This family of deformations must map to the orbispace of stable 
tame rational trees, as a morphism of orbifamilies of stable tame rational trees. 

Take a generic stable tame rational tree in a given component of the moduli 
space of stable rational trees. Under this morphism of orbispaces, the image of the 
family of all deformations with fixed topology will map onto a Zariski open set, and 
the morphism will be a local isomorphism of orbifamilies. The same holds true if 
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we deform through a fixed point mo £ M: the family of deformations with fixed 
topology through a fixed point is a Zariski open subset of the orbispace of all stable 
tame rational trees through that fixed point. 
We sum up this remark in a lemma. 

Lemma 9. Suppose that M is a compact complex manijold all of whose rational 
curves are free. For each point tuq G M , there is a proper orbifamily 



Y 

of stable tame rational curves through mo, and a Zariski open subset U dY so that 

(1) The image f{X) is precisely the blade R{mo) through toq. 

(2) The restriction of this orbifamily to U is a smooth maximal dimensional 
family (not just an orbifamily) . 

(3) At the generic point x £ X\jj, f'{x) : T^X — > Tft^\R{mo) is surjective. 

Proof. Start by picking any maximal dimensional family of tame rational trees. 
Pick a generic tree from the family. Stabilize that tree. Replace the family by 
the family of all deformations of that tree with fixed topology. Clearly this new 
family must also be maximal dimensional. Moreover, it sits as an open set in a 
component of the orbifamily of Remark [5] This orbifamily must have compact 
Zariski closed image, by Remark |7 on the facing page This image must lie in the 



blade, since it consists of points lying on rational trees. But it contains an open 
subset of the blade. The blade, by definition, is irreducible. Therefore the image 
of the orbifamily is the blade. By Sard's lemma, f'{x) : T^X — >■ Tfi^^^R{mo) is 
surjective at the generic x £ X . D 

Corollary 10. Suppose that M is a compact complex manifold all of whose rational 
curves are free. Then the blade through each point of M is a compact rationally 
connected analytic subvariety. Every point of the blade through a point mg lies on 
a stable tame rational tree through mg. 

Proposition 2. Suppose that M is a compact complex manifold all of whose ra- 
tional curves are free. For the generic point m £ R[mo), there is a stable rational 
tree f :T ^ M through toq and m so that the tangent space T„iR {mo) is precisely 
the set of vectors belonging to sections of f*TM vanishing at mo. 

Proof. By Lemma ^ the tangent space to the blade is precisely the set of vectors 
arising from infinitesimal deformations of the generic stable tame rational curve 
through mo- □ 

8. Development and compactness 

If M is a compact complex manifold bearing a holomorphic Cartan geometry, 
then we can develop the entire "orbifamily" of all stable tame rational trees (which 
could have infinitely many components) , and the evaluation map of the development 
on each connected component has Zariski closed image in G/ H. 

Proposition 3. Suppose that G/H is a complex homogeneous space. Suppose that 
M is a compact complex manifold with a holomorphic G/H-geometry. If a stable 
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tame rational tree through a point oh £ G/H is the development of a stable tame 
rational tree through mo, then every deformation of that stable tame rational tree 
through oh is the development of a stable tame rational tree through ttiq . Indeed the 
analytic orbivariety of stable tame rational trees through toq is biholomorphically 
mapped to a union of irreducible components of the analytic orbivariety of stable 
tame rational trees through oh via development through any given frame cq ■ 

Proof. By the Horikawa deformation theorem [38l |39] and the freedom of all ra- 
tional curves in M, the deformations of any rational tree with fixed root are 
unobstructed and form a smooth moduli space near that tree. As explained in 
Lemma [6 on page 18[ all rational trees in M through toq develop to rational trees 
in G/H. Stable trees develop to stable trees. Tame trees develop to tame trees. 
Distinct trees develop to distinct trees. As we vary trees holomorphically, their 
developments vary holomorphically. We therefore have an injective morphism be- 
tween the space of deformations of any rational tree and the space of deformations 
of its development. 

By Theorem |1 on page 3[ stable rational trees are unobstructed, and the defor- 
mations through a point of a stable rational tree form a complex space of dimension 
given by the dimension of sections of the normal sheaf vanishing at mo . (There may 
still be some "bubbling" among these deformations, but only in lower dimension.) 
As we pointed out in Remark |3 on page 14[ the normal sheaf of a stable rational 
curve is identified with the normal sheaf of any of its developments. Therefore the 
deformation space of a stable tree and of its development are complex spaces of 
equal dimension, with tangent spaces identified by development. The developing 
map, being injective and having injective differential, gives a local biholomorphism 
between these spaces. The image of this morphism is therefore open. So we have 
mapped the analytic orbivarieties of stable rational trees by an injective local bi- 
holomorphism . 

During the process of convergence in Gromov-Hausdorff norm, i.e., in Siebert's 
analytic orbivariety, marked points on tame trees stay away from the nodes. Each 
stable tame rational tree in our family has a marked point mapping to niQ. So the 
development of all of our marked stable tame trees remains defined and varies con- 
tinuously in Gromov-Hausdorff norm, and smoothly away from the "bubbling" , by 
smooth dependence of solutions of ordinary differential equations. We can develop 
all stable tame rational trees, mapping every point of the analytic orbivariety of 
m-o to that of oh injectively and holomorphically. By compactness of connected 
components, the image is closed, so the map is onto each component that its image 
touches. D 



9. Developing the blade 

Corollary 11. Suppose that G/H is a complex homogeneous space. Suppose that 
M is a compact complex manifold with a holomorphic G / H-geometry. The blades 
of M are integral varieties of the curvature of M . 



Proof. By Proposition |2 on the previous page the generic point of the blade has 



tangent plane precisely consisting of values at a point of the infinitesimal deforma- 
tions of some rational tree. By Lemma |7 on page 19[ the curvature vanishes on the 
blade. D 
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Corollary 12. Suppose that G/H is a complex homogeneous space. Suppose that 
M is a com,pact complex manifold with a holomorphic G/H -geometry. Fix a point 
mo £ M and a frame eo S .Emo • Then the universal covering space R of the blade 
through toq develops by a regular map to G / H . Every tame rational tree fo'-T^M 
through mo lifts uniquely to a tame rational tree fo '. T ^ R. The development /i 
of fo factors through the developing map dev : R —5- G/H as /i = devo/o. 

Proof. The curvature vanishes on the blade R{mo). The development along any 
path is thus independent of homotopy modulo endpoints. Therefore there is a 
development of the universal covering space R of the blade. Trees are simply 
connected, so the lifting is clear. Existence and uniqueness for ordinary differential 
equations ensures /i — devo/p. D 

Lemma 10. Suppose that G/H is a complex homogeneous space. Suppose that 
M is a compact complex manifold with a holomorphic G / H-geometry. Fix a point 
mo £ M and a frame eo G i?mo • Let R be the universal covering space of the blade 
R {mo). Then R is compact. Every tame rational tree through mo is the image of a 
unique tame rational tree through mo S R. Every point of R lies on a tame rational 
tree through fho. 

Proof. Since tame rational trees are simply connected, we can lift them from R = 
R (mo) to R. By Lemma [9 on page 23[ there is a compact orbifamily of stable tame 
rational curves whose image in M is precisely R, so that a Zariski open subset of 
that orbifamily is mapped smoothly submersively to a Zariski open subset of R. 
We can lift each element of this orbifamily to a stable tame rational tree in R, 
and by existence, uniqueness and smoothness of solutions of ordinary differential 
equations, these developments form an orbifamily in R. By compactness of the 
orbifamily, the image of the orbifamily in R is compact. By the Remmert proper 
mapping theorem, the image is a compact subvariety. The deformation theory of 
any stable tame rational curve is locally identical in R and in R, so the orbifamily 
has image containing a Zariski open subset of R. Because R is the universal covering 
of an irreducible variety R, Ris also irreducible. Therefore the orbifamily has image 
R. So R is compact, and every point of R lies on a stable tame rational tree from 
this orbifamily. D 

Corollary 13. Suppose that G/H is a complex homogeneous space. Suppose that 
M is a compact complex manifold with a holomorphic G/ H-geometry. Then every 
blade in M has finite fundamental group. 

10. The new structure group 

Lemma 11. Suppose that G/H is a complex homogeneous space. Suppose that M 
is a compact complex manifold with a holomorphic G/ H-geometry. Pick a point 
mo € M and a frame eo £ Emg • // a point goR G G/H lies on the development 
of a stable tame rational curve through mo, then every point hgou lies on the 
development of a stable tame rational curve through mo, for any point h in the 
identity component of H . 

Proof. Pick a stable tame rational tree f : T —i' G/H rooted at oh € M which is the 
development of a stable tame rational tree in M through mo. Let i/° be the identity 
component of H. Consider the family F : X = T x H° ^ G/H, F{t,h) = hf{t). 
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By Proposition |3 on page 23[ every element of this family of stable tame rational 
trees is the development of a stable tame rational tree through mo . □ 

Definition 32. Suppose that G/H is a complex homogeneous space. Suppose that 
M is a complex manifold with a holomorphic G/iJ-geometry. Fix a point tuq S M 
and a frame eo S Em„ ■ For each rational tree /o : T — >■ M through toq , its 
development /i : T — > G/H . The points of f^G can be written as pairs (t, g) where 
t &T and g £ G and /i (i) = go// . 

Let H' = H' {eo) be the set of elements 5 € G for which there is some rational 
tree /o through toq and some development /i and there is some point {t,g) £ fiG. 
Call H' the drop group. Clearly H C H' . 

Remark 9. We are eventually going to prove that the drop group H' is precisely 
the group H' which appears in our main theorem. Unfortunately there are some 
minor complications in case the group H is not connected, which will require us to 
consider a close relative to H' , which we introduce now. 

Definition 33. The bundle f^G has a distinguished point (o, 1) where o G T is the 
marked point with /o (o) = nio- There is a distinguished path component of /i*G, 
the path component of the distinguished point. 

Let Hq — Hq (eo) be the set of elements g G G for which there is some rational 
tree /o through toq (whose development we will call /i), and there is some point 
{t,g) € fiG in the distinguished path component of f^G. Call Hq the restricted 
drop group. Clearly Hq C H' . 

We will eventually show that Hq is the identity component of H' . 

Corollary 14. Suppose that G/H is a complex homogeneous .space. Suppose that 
M is a compact complex manifold with a holomorphic G/H -geometry. Pick a point 
mo G M and a frame eo G Emg ■ The restricted drop group Hq of eo contains the 
identity component of H . 

Lemma 12. The drop group is closed under multiplication, as is the restricted drop 
group. 

Proof. Suppose that G/H is a complex homogeneous space. Suppose that M is a 
compact complex manifold with a holomorphic G/i?-geometry. Fix a point tuq G M 
and a frame eo G E,-a^. Let H' be the drop group of cq. Take two rational trees 
fi'.Ti^ G/H and /2 : T2 ^- G/H, both rooted at the point oh G G/H. So each 
has a marked point, say pi G Ti and p2 G T2 so that /i (pi) = /2 (^2) = or- We 
want simply to imagine sliding the tree Ti along the tree T2 , so that the root of Ti 
traces out the points of T2. If we can do this, then for any point in H' coming from 
Ti, say 51, and any point in H' coming from T2, say 52, we will slide over to find 
that 5152 G H' . 

If a point lies on the development of a rational tree, then it lies on the devel- 
opment of a stable rational tree, since we can stabilize by cancelling out constant 
maps on components, which has no effect on development. So we can assume that 
our rational trees are stable. 

Let Y = /|G. The points of Y have the form (52,52) with 52 G ^2 and g2 E G 
so that /2 ((72) = g20H- Let Xi ^ Y x Ti and X2 = Y x T2, trivial bundles over Y. 
Write points of Xi as (92,52, ?'i) with ri G Ti, and write points oi X2 as ((72, 52, ''2) 
with r2 G T2. Map Fi : Xi ^ G/H by 

Fi iq2,92,ri) =52/1 (ri). 
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F2{q2,g2,ri) = /2(r-i) 



Map F2:X2^ G/H by 

Say that 

(^■i, 92,52) ^ (^2,(72,32) 
if ri = pi and r2 = q2, i.e., graft the root of tree Ti to the point 52- Let X = 
(Xi U X2) / ~. We can identify X with the variety X C Ti x T2 x Y consisting 
of points {ri,r2,q2,g2) so that ri = pi or r2 = 92- Therefore X ^ Y is clearly a 
proper family. The algebraic variety X splits into two irreducible components, say 
X = X1UX2, given by Xi = (r2 = 92) and X2 = (ri = pi). Note that ^10X2 = F. 
Away from the "grafting point" {pi,q2,Q2-, 92) clearly the map X — >■ K is locally 
identified with either Xi — > y or X2 — ?> Y, so is flat. Near the "grafting point" we 
have an exact sequence 

with the middle and final entries being flat over Oy^y- Therefore the first entry is 
fiat over Oy^y] see [HI p. 254, Proposition 9.1A]. So X -> F is fiat. 

The maps Fi and F2 agree along the identified points so descend to a morphism 
F : X ^ G/H. We take as section s : F — > X the mapping 

s{q2,92) = {Pl,P2,q2,92)- 

Clearly we have constructed a family of stable rational trees through oh- If the 
original trees were tame, then so is the family. D 

Lemma 13. The drop group is closed under taking inverses, as is the restricted 
drop group. 

Proof. Suppose that G/H is a complex homogeneous space. Suppose that M is a 
compact complex manifold with a holomorphic G/iJ-geometry. Fix a point ttiq G M 
and a frame cq S Emo- Let H' be the drop group of eg. Again we can assume that 
all rational trees are stable. Take a stable tame rational tree f : T ^ G/H, say 
with root at po e T. Let Y = f*G, and let X = T x f*G, with the obvious map 
X^Y.M^ph:X^ G/H by h {p, q,g) = g-^fip). Then h {p,p„, 1) = f{p), so h 
deforms /. Also if some point gion lies in the image of /, say gion = f {pi), then 
p t-^ h{p,pi,gi) is a tree rooted at pi with h{pi,pi,gi) = oh and h{pQ,pi,gi) — 
gi Oh- Therefore if gi lies in the identity component of G, then this family deforms 
/ into a curve through g^^on, so g^^ £ H'. D 

Summing up: suppose that G/H is a complex homogeneous space. Let H° C H 
be the identity component. Suppose that AI is a compact complex manifold with 
a holomorphic G/7J-geometry. Pick a point toq £ M and a frame eo G -Emo- Let 
Hq be the restricted drop group of eo and let H' be the drop group of eo. Then 
-ff° C Hq C H' C G are subgroups, and H° C H C H' C G are subgroups. 

11. The structure group and the blade 

Corollary 15. Suppose that G/H is a complex homogeneous space. Suppose that 
M is a compact complex manifold with a holomorphic G / H-geometry. Fix a point 
mo £ M and a frame eo G i?™,, . Let R he the universal covering space of the blade 
R{mo). Let Hq be the restricted drop group of cq. Then Hq is a Lie subgroup 
of G. The image of the developing map R — > G/H is the homogeneous space 

H'^/in'^r^H). 
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Proof. Every path connected subgroup of a Lie group is a Lie subgroup ^331 P- 39]. 
So i^Q C G is a Lie subgroup. The subgroup Hq acts transitively on the set of 
points in G/ H which he on the developments through cq of tame rational trees 
through mo, by definition. By Lemma |11 on page 25[ the identity component of H 
lies in Hq. 

By Corollary |10 on page 23] if we take any point m £ R{mQ), we can find a 
tame rational tree through ttiq and m. We can then lift this tame rational tree to a 
tame rational tree in R or develop it to a rational tree through oh- So R develops 
into HqOh = Hq/ {Hq n H). By definition of Hq, the set H'oh consists precisely in 
the points lying on developments of tame rational trees, so precisely in the image 
of the developing map R -^ GjH. D 

Lemma 14. Every rational homogeneous variety is simply connected. 

Proof. Rational homogeneous varieties are rationally connected |53] , so simply con- 
nected pL3i p. 543]. D 

Lemma 15. Suppose that GjH is a complex homogeneous space. Suppose that 
M is a compact complex manifold with a holomorphic G / H-geometry. Fix a point 
niQ e M and a frame eg S Emg ■ Take the universal covering space R of the blade 
R{mQ). The developing map R — ^ Hq/ {Hq H H) is a finite unramified covering 
map. 

Proof. The developing map R -^ H'qOh of the universal covering space of any blade 
is surjective by Corollary |15 on the previous page The developing map is locally 



injective as a map to G/ H because the curvature vanishes. The developing map is 
a local isomorphism, being a surjective and locally injective morphism of analytic 
varieties to a smooth analytic variety. By Lemma |10 on page 25[ R is compact. 
Therefore the developing map R -^ H'qOh is a covering map. D 

Corollary 16. Suppose that M is a compact complex manifold with a holomorphic 
Cartan geometry. Then every blade of M is a smooth compact complex submanifold 
ofM. 

We need a slight variation on the Borel-Remmert theorem. 

Proposition 4. If X is a rationally connected compact homogeneous complex man- 
ifold, then X is a complete rational homogeneous variety X = G/ P . 

Proof. Following Akhiezer,[2| p. 216], every compact homogeneous complex man- 
ifold has the form X — G/U , a holomorphic torus bundle over some G/P. By 
Campana's theorem [13J p. 543], because X is rationally connected, X is simply 
connected. We can assume (see Wang |70i pp. 3-4]) that G is a complex semisimple 
Lie group. Campana [131 P- 545 Proposition 3.4] proves that H"^ {X, O) = for 
r > 0, and H'' {G/P, O) = for r > 0. The torus fiber, say T, has H'' {T, O) > 
for r up to the dimension of T . Computing out the exact sequence from X being 
a torus bundle we find that T must have dimension 0. So X = G/P is a complete 
rational homogeneous variety. D 

Lemma 16. Suppose that G/H is a complex homogeneous space. Suppose that 
M is a compact complex manifold with a holomorphic G/ H-geometry. Fix a point 
niQ e M and a frame Cq G Emo ■ Let Hq be the drop group of eo . Then Hq is a 
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complex Lie group, Hq D H is a parabolic subgroup of H'q and so Hq/ {Hq n H) is a 
rational homogeneous variety. 

Proof. By Lemma |l 5 on the preceding page} the development 

is a local biholomorphism from a compact, simply connected, rationally connected 
Kahler manifold, so HqOh must be a compact rationally connected homogeneous 
complex manifold. By proposition |4 on the facing pagc[ Hq/ {Hq n H) is a rational 
homogeneous variety. The group Hq is just the identity component in the subgroup 
of G preserving this rational homogeneous variety, and so is complex analytic. By 
the Borel-Remmert theorem ([21 p. 216]), Hq H H C Hq is parabolic. D 

Lemma 17. Suppose that X is a complex manifold with a holomorphic unramified 
covering tt : G/P -^ X by a rational homogeneous variety GjP . Then n is a 
biholomorphism. 

Proof. We can assume that G is the biholomorphism group of G/P without loss of 
generality. Let F = 7ri(X); the group T acts as holomorphic deck transformations, 
so F C G. But every element of G must act on G/P with a fixed point |69) . 
Therefore F = {1}. D 

Corollary 17. Suppose that G / H is a complex homogeneous space. Suppose that 
M is a compact complex manifold with a holomorphic G / H-geometry. Every blade 
of M is simply connected. Every blade develops by biholomorphism to a rational 
homogeneous variety. 

Proof. By Lemma |15 on the preceding pagej the developing map R -^ H'qOh is 
a finite unramified covering map. By Lemma |16 on the facing page[ H'qOh is a 



rational homogeneous variety. By Lemma ri4 on the preceding page the developing 
map R — >■ HqOh is an biholomorphism. By Lemma [TTl i? — > i? is a biholomorphism. 

D 

12. The new structure group as a complex subgroup 

Lemma 18. Suppose that G/H is a complex homogeneous space. Suppose that 
M is a compact complex manifold with a holomorphic G/ H-geometry. Fix a point 
ruQ e M and a frame Cq G -Emo- The drop group H' = H' (cq) of the frame is just 
the set of elements g Cz G so that g preserves HqOh. In particular, H' <Z G is a 
closed Lie subgroup. 

Proof. If 5 preserves HqOh then gon lies on a rational tree through oh, by definition 
of HI), so geH'. 

If g G H', then gon lies on a stable tame rational tree /i : T — > G/H through 
Oh which is the development of a stable tame rational tree from M, i.e., g G /i G. 
But fi{T) C HqOh by definition of Hq. So g lies in the preimage in G of the space 
H'oh. So g lies in the subgroup of G preserving H'oh- D 

Lemma 19. Suppose that G/H is a complex homogeneous space. Suppose that 
M is a compact complex manifold with a holomorphic G / H-geometry. Fix a point 
Too G M and a frame eo G i?mo- The restricted drop group Hq = Hq (cq) of the 
frame is the identity component of the drop group H' = H' (eg). The drop group is 
a complex subgroup of G. 
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Proof. The identity component H'^^ of the drop group preserves HqOh- Therefore 
i/j'(j C Hq by definition of Hq. The restricted drop group is a path connected 
subgroup of the drop group by definition, so Hq C H^^ . Therefore H'^^ = Hq . Since 
Hq C G is a complex Lie subgroup, H' C G is in complex Lie subgroup. D 

Lemma 20. Suppose that E — > AI is a holomorphic Cartan geometry on a compact 
complex manifold. Then the drop group of a frame is constant as we vary the frame 
through any connected component of E , as is the restricted drop group. 

Proof. Suppose that G/H is a complex homogeneous space. Suppose that M is a 
compact complex manifold with a holomorphic G/iJ-geometry E — >■ M . For each 
point niQ e M and frame cq G Ema, let Hq (cq) be the restricted drop group of 
Cq. By freedom of rational trees, as we vary eg — eo(i), and correspondingly vary 
Too = mo(t), we can deform any tame rational tree 

f :T* ^ M 

so that a marked point on it passes through TOo(i), and develop /* via the frame 
eo(t) to a family of tame rational trees through oh- These trees through oh form 
a family in oh. One member of that family is a development via eo(0), and so 
by Proposition |3 on page 23| the entire family is a development of a family g* : 
T* — 5- M via eo(0). Therefore the entire family lies inside the homogeneous space 
Hq (eo(0)) Oh. Therefore Hq (eo(i)) C Hq (eo(0)) for any t in our family. Since the 
choice of t and are arbitrary, Hq {eo{t)) is constant. D 

Lemma 21. Suppose that E ^ AI is a holomorphic Cartan geometry on a con- 
nected compact complex manifold. The drop group is independent of the choice of 
frame. 

Proof. Pick a tame rational tree fo'.T^M and a frame eg and an element h G H. 
Suppose that /i : T — > G/H is the development of /o via the frame eg. Then by 
left invariance on G the development of /o via the frame eoh is h^^ /i. Therefore 

H'{eoh) = h-^H'{eo) . 

But H C H' (eo), so H' (eoh) — H' (eo). Therefore on any fiber oiE, the drop group 
is constant. But it is also constant as we move through a connected component of 
E. Since M is connected, the drop group is constant. D 

13. QUOTIENTING BY THE NEW STRUCTURE GROUP 

Proposition 5. Suppose that G/H is a complex homogeneous space. Suppose that 
M is a connnected compact complex manifold with a holomorphic G/H-geometry 
E -^ M with Cartan connection w. Suppose that AT contains a tame rational curve. 
Let H' be the drop group of the Cartan geometry. There is a unique holomorphic 
right H' -action on E so that 

(1) this action extends the right H-action, and 

(2) for any choice of point uiq G AI and cq G E, the development of the blade 
R (to-o) — >■ AI via the frame eo to a map R (too) — > G/H has associated 
bundle isomorphism F : E\j^,^ ^ — >■ G\fj,g which is H' -equivariant. 

Proof. Clearly by definition of H' we see G\f^,^ ^ H' , so ii there is to be such 
an iJ'-action, it is clearly unique. Each choice of point too and frame cq gives an 
isomorphism F : E\j^, . -^ ^Ih'oh by development, so defines a holomorphic right 
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if'-action on E\J^,^ extending the i/-action. The iJ'-action on E\j^,, clearly 
varies holomorphically with choice of frame eq and of point jtiq by the continuity 
of ordinary differential equations. We only have to prove that this action depends 
only on the choice of blade, not the choice of point ttiq and frame eo- 

Suppose we pick two points toq and mi in the same blade, and two frames 
eg G Ejrio and ei £ Emi ■ Since ttiq and mi lie in the same blade, under development 
via eo, eo is taken to 1 € H' , while ei is taken to some point of H' , say g. By left 
invariance, development by ei is just development by eo followed by left translation 
by g^^. Since right action on H' commutes with left action, the right action of H' 
on E computed via either development is the same. D 

It is not immediately clear whether or not the action of H' turns E — > E/H' into 
a principal i/'-bundle; nonetheless we can see how the Cartan connection behaves. 

Lemma 22. Under the hypotheses of the previous proposition, conditions (1), (2) 
and (3) of the definition of a Cartan connection (definition \2 on page ij[ ) are satis- 
fied (with H, f) replaced by H' , ij' ). 

Proof. Condition (2): the Cartan connection is a linear isomorphism on each tan- 
gent space. This is clear because the Cartan connection is unchanged from the 
original Cartan geometry E -^ M. Condition (3): the iJ'-action is generated by 
the vector fields A ior A € f)'. This is true in the model, i.e., on G, and therefore 
on E because the i/'-action is identified with the i/'-action on H' C G. We only 
have to check condition (1): that the Cartan connection transforms in the adjoint 
representation. 

The group H' is generated by Hq and H. Under i/-action, the Cartan connection 
transforms in the adjoint representation. So it suffices to check if under 7?g-action 
the Cartan connection transforms in the adjoint representation. By definition Hq 
is connected. Therefore it suffices to check whether under the Lie algebra action 
of the Lie algebra ()o of Hq, the Cartan connection transforms under the adjoint 
representation. In other words, for every vector A S f)Q, we need to check that 

L^uj = - [A,uj] . 

By the Cartan family equation 

'Cj^oj = A-'dLiJ + diA-' 

and using the equation 

Vcj = did -\ — [uj, io] 



2 



we see that it suffices to check whether 



A-i ( Vcj - -[uj.uj]] = - [A, uj] 

i.e., whether 

A-iVuj = 0, 
which we know already from corollary ) 11 on page 24[ D 

Lemma 23. Suppose that G / H is a complex homogeneous space and that E ^ M 
is a smooth real Cartan geometry modelled on G/H. So the curvature of E ^>- M is 
a section of Ad{E) (g) A^ {T*M). Then E — > M is a holomorphic Cartan geometry, 
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for a unique complex structure on M , if and only if the curvature is a complex 
linear 2-form valued in the complex vector bundle Ad(-E). 

Proof. Let tt : E -^ M he the bundle map. At each point e E E, the Cartan 
connection uj gives a real linear isomorphism Wg : TeE -^ q. This isomorphism 
makes E into an almost complex manifold, using the complex linear structure on 
Q. This almost complex structure is integrable just exactly when dui is a multiple 
of w, equivalenty, no ZZ? A uJ terms in dco, equivalenty, when the curvature has no 
0(g)cA°'^ (fl/f)) terms. Should this occur, the 1-form w is then holomorphic just when 
duj has no CO A uJ terms, that is the curvature is complex linear, in g (E)c A^'° (fl/f))- 
Clearly the 1-form w + () given hy uje + i) : TeE -^ g/1) is semibasic for n. Let fte 
be the linear map fte : T^M — > g/f) so that 

{'K'{e)v) -iLOe = rie(w) 

for all V e TeE, where m — 7r(e). Clearly ilg is a linear isomorphism for each e £ E. 
Use rte to define a complex structure on TmM. We know that r*oj = Ad(g)^^oj for 
all 5 G H . Therefore ilg transforms by a complex linear isomorphism if we move 
e while fixing the underlying point m — p{e). Therefore M has a unique almost 
complex structure for which tt : i? — > M is holomorphic. But tt is a submersion, 
so the almost complex structure is a complex structure. The morphism E ^)- M is 
therefore a holomorphic principal bundle. D 

Proposition 6. Suppose that G/H is a complex homogeneous space. Suppose that 
M is a connected compact complex manifold with a holom,orphic G / H-geometry 
E -^ M . Suppose that M contains a tame rational curve. Pick a point mo G M 
and frame cq G Emo • Let H' be the drop group of the Cartan geometry. The 
G/ H-geometry on M drops to a G/ H' -geometry on a Kdhler manifold M' so that 
M — !> M' is a holomorphic fiber bundle, with fibers biholomorphic to H' / H . 

Proof. By development, we identify each iJ'-orbit with H\ and therefore H' acts 
freely on E. 

Consider an iJ'-orbit if eo C E. By development of a blade R{ma) C M, we 
see that the blade is identified with H'oh C G/H and the iJ'-orbit iJ'eo identified 
with H' . Since H' contains i/^, H' is a union of path components in the preimage 
in G of H'oh C G/H . Therefore the orbit H'cq is a union of path components of 
the preimage in i? of i? (too) C M . Therefore -ff'eo is closed in E. Therefore each 
ii'-orbit in i? is a closed set and a submanifold biholomorphic to H' . At this step 
of our proof, we need a small lemma: 

Lemma 24. Let 

i? = { (e, eg) \ e e E and g e H'} C E x E. 

Then R is a closed subset in E x E. 

Proof. Take a convergent sequence of points Cn ^f e E E and a convergent sequence 
of points e„5„ -^ e' € E with g„ a sequence in H' . We want to prove that e' = eg 
for some g G H' . Write the map £■ — > M as tt : i? — > M. Let ?7i„ = tt (e„) , m — 

TT (e) , ?7l' = TT (e'). 

By definition of H' , we can find a sequence of stable tame rational trees /„ : 
T„ — > M, with /„ passing through to„, so that there is a path in f*E from e„ to 
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By Proposition |2 on page 23[ there is a compact connected component of the 
orbifamily of stable rational trees through oh G G / H , so that this family maps 
surjectively to the blade H'oh C G/H . By development, the blades of M are 
all identified with H'oh, so we can assume that all of the maps /„ come from 
developments of this family via the various frames e„. By compactness of the 
orbivariety, a subsequence of these /„ converges in Gromov-Hausdorff sense to a 
limiting stable rational tree f : T —>■ M with a path from e to e'. The development 
of / via e must lie in H'oh, so we see that e' — eg for some g E H' . D 

Returning to the proof of the theorem, clearly R is an immersed submanifold of 
E X E, since the map {e,g) n- {e,eg) is a local biholomorphism to R. Moreover, 
this map is 1-1, since H' acts freely. Therefore R C E x E is a, closed set and 
a submanifold. Therefore E / H' admits a unique smooth structure as a smooth 
manifold for which E -^ E / H' is a smooth submersion (see Abraham and Marsden 
[D p. 262]). 

Let M' = E/H' . Because E — > M' is a smooth submersion, we can construct 
a local smooth section near any point of M', say s : U ^ E, for some open set 
U C M'. Let p : E ^ M' be the quotient map by the i/'-action. Define 

(jj-.U X H' ^ p^^U, 

(j){u,g) = s{u)g. 

This map is a local diffeomorphism, because <j) is _ff '-equivariant and po(j){u, g) — u 
is a submersion. Moreover, (j) is 1-1 because H' acts freely. Every element of p^^U 
lies in the image of our section s modulo _ff '-action, so clearly <f> is onto. Therefore 
E -^ M' is locally trivial, so a principal iJ'-bundle. The Cartan connection of 
E — > M clearly is a Cartan connection for E -^ M' . By Lemma [23 on page 31[ 
this Cartan geometry is holomorphic. D 

14. Tame rational curves and fiber bundles 

Proposition 7. Suppose that M and M' are two compact complex manifolds. Sup- 
pose that M -^ M' is a holomorphic fiber bundle, with complete rational homoge- 
neous fibers. Suppose that M is rationally tame. Then M' is rationally tame. 

Proof. Pick a rational curve / : P^ — >■ M' . Suppose that the fibers of M ^^ M' are 
isomorphic to G/ P, for G a connected complex semisimple Lie group and P <Z G a. 
parabohc subgroup. Consider the pullback bundle Eq/p = f*M — ?► P^, a holomor- 
phic fiber bundle of rational homogeneous varieties. Let Eg —> P^ be the associated 
principal bundle. The group G is the connected component of Bihol(G'/P); see 
Knapp [IS]. Because P^ is simply connected, this bundle is a principal G-bundle, 
not merely a Bihol(G/P)-bundle. By Grothendieck's classification of holomorphic 
principal bundles on P^ with reductive structure group [5S] , Eq can be constructed 
as follows: let i/ C G be a Cartan subgroup, and a : C^ — >■ iJ a complex Lie group 
homomorphism. Then 

Pg = (c2-0)xcxG, 

the quotient of (C^ — O) x G by the action 

A(z,g) = {\z,a{Xy^g) . 

The associated G/P-bundlc Eq/p is the quotient 

Eg/p = {C^-0)xc. {G/P), 



34 INDRANIL BISWAS AND BENJAMIN MCKAY 

i.e., the quotient by the action 

A(z,gP) = (Az,a(A)-igP). 

Therefore Eq/p has as gfobal section: the quotient of the pairs (z, P), since H C P. 
So there is a rational curve in M mapping to the rational curve in M' . Com- 
pactness of the cycle space of M therefore implies that of M'. D 

15. Proof of the main theorem 

We now prove Theorem |3 on page 4[ 

Proof. By Proposition |6 on page 32[ if there is a rational curve in M, then we 
can drop, say to some geometry E — > M' . Since every rational curve lies in a 
blade in M, all rational curves in M lie in the fibers of M — j- M' . By propo- 
sition 1 7 on the preceding page[ M' is rationally tame. If M' contains a rational 
curve, we can repeat this process, dropping to some geometry E -^ M" , etc. At 
each step, we reduce dimension by at least one, i.e., dim A/' < dimAf — 1, since 
the connected components of the fibers of M — > M' are rational homogeneous 
varieties containing rational curves. Therefore after finitely many steps, we must 
arrive at a drop which contains no rational curves, say Af — ^ Af, say a drop to a 
G/iJ-geometry. 

At each stage in the process, the connected components of the fibers of M — > Af , 
and of A/' -^ A/", etc. are rational homogeneous varieties, and in particular are 
rationally connected. So the connected components of the fibers of Af — > AT are 
rationally connected and compact. These fibers are homogeneous spaces, being 
copies of H/H. They are rationally tame, being complex submanifolds of Af . 
Therefore the fibers are rational homogeneous varieties by proposition |4 on page 28| 
But then the fibers of A/ ^ AT must lie inside the blades of M, and therefore lie on 
rational curves in M, so M = Af', i.e., we need precisely one step in this process 
to acheive the result that Af ' contains no rational curves. 

Suppose that Af -^ M" is some other drop, and that Af" contains no rational 
curves. The fibers of Af — > Af are rational homogeneous varieties, so rationally 
connected [SB]. Each fiber of Af ^' Af must lie inside a fiber of Af — j' Af", since 
otherwise a rational curve in a fiber of Af — ;► Af would project to a rational curve 
in Af". Therefore the map Af -^ M" factors as a map Af — > Af — > Af". Looking 
upstairs at E, we have Af = E/H, Af = E/H', M" = E/H", so it is clear that H" 
must contain H' , i.e., the drop Af -^ M" factors as drops Af — >• Af ' — )■ Af". D 

16. Open problems 

Dumitrescu classified the holomorphic Cartan geometries admitted by smooth 
compact complex curves; see Dumitrescu |22) . 

Problem 16.1. The classification of compact complex surfaces admitting holomor- 
phic Cartan geometries is open. One would also like to classify the holomorphic 
Cartan geometries they admit. See Kobayashi and Ochiai [49^ .501 [FTJ [55] ^^nd Klin- 
gler [47] for the classification of "normal" holomorphic G/ff -geometries on compact 
complex surfaces when G/H is a rational homogeneous variety and G is a semisim- 
plc complex Lie group. 

Problem 16.2. The classification of compact complex 3-folds admitting cominiscule 
geometries is still open, even among the smooth projective 3-folds. 



HOLOMORPHIC CARTAN GEOMETRIES AND RATIONAL CURVES 35 

Example 6. Jahnke and Radloff classified the smooth projective varieties admitting 
flat holomorphic projective connections [45j modulo the abundance conjecture. 

Conjecture 1. The compact Kahler manifolds admitting holomorphic projective 
connections are (1) P", (2) those admitting a finite covering by complex tori, (3) 
ball quotients and (4) the exotic examples of Jahnke and Radloff [?S1 : holomorphic 
torus fibrations over a compact Shimura curve. 

Problem 16.3. There is no conjectured classification of the holomorphic projective 
connections on these exotic examples of Jahnke and Radloff. 

Conjecture 2. Suppose that G/H is a complex homogeneous space. Suppose that M 
is a compact Kahler manifold admitting a holomorphic G/TJ-geometry. Then there 
is a fiat holomorphic G/7f-geometry on M, i.e., a holomorphic (G, X)-structure, 
where X = G/H. 

Conjecture 3. Suppose that G/H is a complex homogeneous space which is not 
biholomorphic to a product P^ x (Gq/Hq). Suppose that M is a compact Kahler 
manifold admitting a holomorphic G/iJ-geometry. Then there is a closed real Lie 
subgroup G' C G, with an open orbit U' C G/H, and there is a cocompact lattice 
r' c G', so that M = T\U'. 

In particular, the image of the developing map on the universal covering space 
of M should be a biholomorphism to some homogeneous open set U' C G/H. On 
the other hand if G/H = P^ j30] then it is known that the developing map can be 
more complicated. 

Remark 10. Andrei Mustal^a pointed out that our Theorem |3 on page 4| is remi- 
niscent of a speculation of Pandharipande [611 p. 1]. Pandharipande's speculation 
is that rationally connected varieties all of whose rational curves are free might be 
rational homogeneous varieties. 

Acknowledgements. The authors are grateful for the advice of Sergei Ivashkovich. 
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